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SUPERELLIPTIC JACOBIANS
YURI G. ZARHIN
1. Introduction
Throughout this paper K is a field of characteristic zero, K¯ its algebraic closure
and Gal(K) = Aut(K¯/K) the absolute Galois group of K.
We write k for a field of characteristic zero and k(t) for the field of rational
functions over k in independent variable t.
If X is an abelian variety over K¯ then we write End(X) for the ring of all its
K¯-endomorphisms and End0(X) for the corresponding Q-algebra End(X)⊗Q; the
notation 1X stands for the identity automorphism of X . If m is a positive integer
then we write Xm for the kernel of multiplication by m in X(K¯). It is well-known
[12] that Xm is a free Z/mZ-module of rank 2dim(X). If X is defined over K then
Xm is a Galois submodule in X(K¯).
Definition 1.1. Suppose that K contains a field k and X is an abelian variety
defined over K. We say that X is isotrivial over k if there exists an abelian variety
X0 over k¯ such that X and X0 are isomorphic over K¯.
We say that X is completely non-isotrivial over k if for every abelian variety W
over k¯ there are no non-zero homomorphisms between X and W over K¯.
Let f(x) ∈ K[x] be a polynomial of degree n ≥ 3 with coefficients in K and
without multiple roots, Rf ⊂ K¯ the (n-element) set of roots of f and K(Rf) ⊂
K¯ the splitting field of f . We write Gal(f) = Gal(f/K) for the Galois group
Gal(K(Rf )/K) of f ; it permutes roots of f and may be viewed as a certain per-
mutation group of Rf , i.e., as as a subgroup of the group Perm(Rf ) ∼= Sn of
permutation of Rf . (Gal(f) is transitive if and only if f is irreducible.)
Suppose that p is a prime that does not divide n and a positive integer q = pr is
a power of p then we write Cf,q for the superelliptic K-curve y
q = f(x) and J(Cf,q)
for its jacobian. Clearly, J(Cf,q) is an abelian variety that is defined over K and
dim(J(Cf,q)) =
(n− 1)(q − 1)
2
.
In a series of papers [29, 30, 35], [31, 32, 33, 37], the author discussed the structure
of End0(J(Cf,q)), assuming that n ≥ 5 and Gal(f) is, at least, doubly transitive.
In particular, he proved that if n ≥ 5 and Gal(f) coincides either with full sym-
metric group Sn or with alternating group An then End
0(J(Cf,q)) is (canonically)
isomorphic to a product
∏r
i=1Q(ζpi) of cyclotomic fields. (If q = p then we proved
that End(J(Cf,q)) = Z[ζp].)
In this paper we discuss the remaining cases when n = 3 or 4 and Gal(f) is a
doubly transitive subgroup of Sn, i.e., the cases when
n = 3, Gal(f) = S3, dim(J(Cf,q)) = q − 1
1
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and
n = 4, Gal(f) = S4 or A4, dim(J(Cf,q)) =
3(q − 1)
2
.
In those cases if q = p then we have
1J(Cf,p) ∈ Q(ζp) ⊂ End0(J(Cf,p)).
If n = 3 this means that the (p − 1)-dimensional abelian variety J(Cf,p) admits
multiplication by the field Q(ζp) of degree p− 1. One may prove (see Sect. 3) that
either J(Cf,p) is an abelian variety of CM-type or End
0(J(Cf,p)) = Q(ζp) (and
even End(J(Cf,p)) = Z[ζp]).
If n = 4 this means that the 3(p − 1)/2-dimensional abelian variety J(Cf,p)
admits multiplication by the field Q(ζp) of degree p − 1. One may prove (see
Sect. 3) that either J(Cf,p) contains an abelian subvariety of CM-type (of positive
dimension) or End0(J(Cf,p)) = Q(ζp) (and even End(J(Cf,p)) = Z[ζp]).
Theorem 1.2. Suppose that k is algebraically closed and K = k(t). Assume that
(n,Gal(f)) enjoy one of the following two properties:
• n = 3 and Gal(f) = S3.
• n = 4,Gal(f) = S4 or A4.
Suppose that p is an odd prime that does not divide n. Then J(Cf,p) is completely
non-isotrivial and End(J(Cf,p)) = Z[ζp].
Theorem 1.3. Suppose that k is algebraically closed and K = k(t). Assume that
(n,Gal(f)) enjoy one of the following two properties:
• n = 3 and Gal(f) = S3.
• n = 4,Gal(f) = S4 or A4.
Suppose that p is a prime that does not divide n. Let r be a positive integer and
q = pr. If p is odd then J(Cf,q) is completely non-isotrivial and End
0(J(Cf,q)) is
(canonically) isomorphic to a product
∏r
i=1Q(ζpi) of cyclotomic fields.
Theorem 1.4. Suppose that k is algebraically closed and K = k(t). Assume that
n = 3 and Gal(f) = S3.
Then:
• End0(J(Cf,4)) = Q×Mat2(Q(
√−1)). In addition J(Cf,4) is isogenous to
a product of the elliptic curve Cf,2 : y
2 = f(x) and the square of the elliptic
curve y3 = x3 − x.
• Let r > 2 be an integer and q = 2r. Then End0(J(Cf,q)) is (canonically)
isomorphic to a product Q ×Mat2(Q(
√−1)) ×∏ri=3Q(ζpi). In addition,
J(Cf,q) is isogenous to a product of a completely non-isotrivial abelian va-
riety, the elliptic curve Cf,2 : y
2 = f(x) and the square of the elliptic curve
y3 = x3 − x.
In the case of arbitrary n ≥ 3 and doubly transitive Gal(f) we have the following
non-isotriviality assertion.
Theorem 1.5. Suppose that k is algebraically closed, K = k(t), a prime p does
not divide n and Gal(f) acts doubly transitively on Rf . Let r be a positive integer
and q = pr. Let us assume additionally that (n, p) 6= (3, 2).
Then J(Cf,q) is completely non-isotrivial.
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The paper is organized as follows. In Section 2 we discuss elliptic curves, using
elementary means. Section 3 contains auxiliary results concerning abelian varietis
with big endomorphism fields. Section 4 deals with complex abelian varieties.
In Section 5 we discuss in detail superelliptic curves and their jacobians. It also
contains the proof of main results.
I am grateful to J.-L. Colliot-The´le`ne and to the referee for helpful comments.
My special thanks go to Dr. Boris Veytsman for his help with TEXnical problems.
2. Elliptic curves
We start with the case of n = 3 and an elliptic curve Cf,2 : y
2 = f(x) where
f(x) is a cubic polynomial without multiple roots. Then J(Cf,2) = Cf,2 is a one-
dimensional abelian variety. If {α1, α2, α3} ⊂ K¯ is the set of roots of f(x) then the
group of points of order 2 on Cf,2 is {∞, (α1, 0), (α2, 0), (α3, 0)}. Here∞ ∈ Cf,2(K)
is the zero of group law on Cf,2.
Recall that the only doubly transitive subgroup of S3 is S3 itself.
Examples 2.1. Let us put K = Q.
(1) The polynomial f(x) = x3−x− 1 has Galois group S3. The corresponding
elliptic curve Cf,2 : y
2 = x3 − x − 1 has non-integral j-invariant 1728 · −423
and therefore End(J(Cf,2)) = Z.
(2) The polynomial x3 − 2 has Galois group S3. The elliptic curve y2 = x3 − 2
admits an automorphism of multiplicative order 3 and End(J(Cf,2)) =
Z[−1+
√−3
2 ].
Example 2.2. (See [6, Sect. 4].) Let p > 3 be a prime that is congruent to 3
modulo 8,
ω :=
−1 +√−p
2
, α := j(ω) ∈ C, K := Q(j(ω)) ⊂ C.
Let us consider the cubic polynomial
hp(x) := x
3 − 27α
4(α− 1728)x−
27α
4(α− 1728) ∈ K[x].
without multiple roots. Then the j-invariant of the elliptic curve Chp,2 : y
2 = hp(x)
coincides with α and therefore the endomorphism ring of J(Chp,2) coincides with
Z[−1+
√−p
2 ]. However, the Galois group of hp(x) over K is S3 [6, Sect. 4, Lemma
4.6].
Example 2.3. Suppose that K = C(t). The polynomial x3 − x − t has Galois
group S3. The elliptic curve y
2 = x3 − x− t has transcendental j-invariant −4·172827t2−4
and therefore its endomorphism ring is Z.
Lemma 2.4. Suppose that k is an algebraically closed field of characteristic zero
and K ⊃ k. Let f(x) ∈ K[x] be a cubic polynomial with Galois group S3. Then the
j-invariant of the elliptic curve Cf,2 does not lie in k, i.e., Cf,2 is not isotrivial.
Proof. Indeed, suppose that there exists an elliptic curve E over k such that E and
Cf,2 are isomorphic over K¯, i.e., Cf,2 is a twist of E. Clearly, all K¯-automorphisms
of E are defined over k and Aut(E) is a cyclic group of order 2, 4 or 6. It follows
that the first Galois cohomology group H1(K,Aut(E)) coincides with the group of
continuous homomorphisms of Gal(K) to Aut(E). It follows that there is a cyclic
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extension L/K and an embedding c : Gal(L/K) →֒ Aut(E) such that Cf,2 is the
L/K-twist of E attached to c. Notice that all torsion points of E are defined over k
and therefore lie in E(K). This implies that the Galois action on the points of order
2 of Cf,2 factors through Gal(L/K); in particular, the corresponding Galois image
is commutative. Since S3 is non-commutative, we get a desired contradiction. 
3. Abelian varieties
Let X be an abelian variety of positive dimension over an algebraically closed
field K¯ of characteristic zero, let E be a number field and let i : E →֒ End0(X) be
an embedding such that i(1) = 1X . It is well-known that [E : Q] divides 2dim(X)
[12, 26]; if 2dim(X) = [E : Q] then X is an abelian variety of CM-type.
We write End0(X, i) for the centralizer of i(E) in End0(X); it is known [36] that
End0(X, i) is a finite-dimensional semisimple E-algebra.
Theorem 3.1. If dim(X) = [E : Q] then either X is an abelian variety of CM-type
or End0(X, i) = i(E) ∼= E.
If 2dim(X) = 3[E : Q] then either X contains a non-zero abelian subvariety of
CM-type or End0(X, i) = i(E) ∼= E.
Proof. Recall that if Z is an abelian variety of positive dimension d then every
semisimple commutative Q-subalgebra of End0(Z) has Q-dimension ≤ 2d. The
algebra End0(Z) contains a 2d-dimensional semisimple commutative Q-subalgebra
if and only if Z is an abelian variety of CM-type.
By theorem 3.1 of [37],
dimE(End
0(X, i)) ≤
(
2dim(X)
[E : Q]
)2
;
if the equality holds thenX is an abelian variety of CM-type. If dimE(End
0(X, i)) =
1 then End0(X, i) = i(E) ∼= E.
So, in the course of the proof we may assume that either dim(X) = [E : Q] and
1 < dimE(End
0(X, i)) < 4 or 2dim(X) = 3[E : Q] and 1 < dimE(End
0(X, i)) < 9.
Now assume that dim(X) = [E : Q]. Then dimE(End
0(X, i))=2 or 3. Since
every semisimple algebra of dimension 2 or 3 over a field is commutative, End0(X, i)
is commutative and its Q-dimension is either 2[E : Q] = 2dim(X) or
3[E : Q] = 3dim(X) > 2dim(X).
It follows that dimQEnd
0(X, i) = 2dim(X) and therefore X is an abelian variety
of CM-type. This proves the first assertion of the Theorem.
Now assume that 2dim(X) = 3[E : Q] and 1 < dimE(End
0(X, i)) < 9. So,
2 ≤ dimE(End0(X, i)) ≤ 8.
If dimE(End
0(X, i)) = 3 then End0(X, i) is commutative and its Q-dimension is
3[E : Q] = 2dim(X) and therefore X is an abelian variety of CM-type.
So, further we assume that dimE(End
0(X, i)) 6= 3. Clearly, there exists a positive
integer a such that
dim(X) = 3a, 2dim(X) = 6a, [E : Q] = 2a.
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First, suppose that End0(X, i) is not simple. Then X is isogenous to a product∏
s∈S Xs of abelian varieties Xs provided with embeddings
is : E →֒ End0(Xs), is(1) = 1Xs ;
in addition, the E-algebra End0(Xs) is simple for all s and the E-algebras End
0(X, i)
and
∏
s∈S End
0(Xs) are isomorphic [36, Remark 1.4]. It follows that
6a = 2dim(X) = 2
∑
s∈S
dim(Xs)
and 2a = [E : Q] divides 2dim(Xs) for all s. We conclude that dim(Xs) = a or 2a.
It follows that S is a either two-element set {s1, s2} with
dim(Xs1) = a, dim(Xs2) = 2a
or a three-element set {s1, s2, s3} with
dim(Xs1) = dim(Xs2) = dim(Xs3) = a.
In both cases 2dim(Xs1) = 2a = [E : Q] and therefore Xs1 is an abelian variety of
CM-type.
So, further we may assume that End0(X, i) is a simple E-algebra.
If dimE(End
0(X, i)) = 2 then End0(X, i) is commutative and therefore is a
number field of degree 4a over Q. Since 4a does not divide 6a = 2dim(X), we get
a contradiction.
If dimE(End
0(X, i)) > 3 then dimE(End
0(X, i)) > 2dim(X) and therefore End0(X, i)
is noncommutative. Since End0(X, i) is simple, dimE(End
0(X, i)) is not square-free.
It follows that dimE(End
0(X, i)) is either 4 or 8 and therefore
dimQ(End
0(X, i)) = [E : Q] · dimE(End0(X, i))
is either 8a or 16a respectively. Since none of them divides 6a = 2dim(X), the
simple E-algebra End0(X, i) is not a division algebra. (Here we use that K¯ has
characteristic zero.) It follows that there exist an integer r > 1, a division algebra
D over E and an isomorphism Matr(D) ∼= End0(X, i) of E-algebras. It follows that
r2dimE(D) = dimE(Matr(D)) = dimE(End
0(X, i))
is either 4 or 8. Clearly, there exist an abelian variety Y of dimension 12dim(X) =
3
2a, an isogeny Y
2 → X and an embedding
ι : D →֒ End0(Y ), ι(1) = 1Y .
It follows that 1Y ∈ ι(E) ⊂ End0(Y ) and the degree 2a of the number field ι(E) ∼= E
must divide 2dim(Y ) = 3a. In other words, 2a divides 3a. Contradiction. 
Remark 3.2. The case whenE is a (product of) totally real field(s) with dimQ(E) =
dim(X) was earlier discussed in [19, pp. 557–558].
Remark 3.3. Suppose that X and Y are absolutely simple abelian varieties over
K¯ such that the Q-algebras End0(X) and End0(Y ) are not isomorphic. Then
X and Y are not isogenous and the absolute simplicity implies that there are
no non-zero homomorphisms between X and Y . It follows that End0(X × Y ) =
End0(X)× End0(Y ).
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Lemma 3.4. Suppose that k is a field of characteristic zero and K = k(t). Let X
be an abelian variety over K, let B ⊂ A1k be a finite set of closed points on the affine
k-line and let f : X → A1k \B be an abelian scheme, whose generic fiber coincides
with X. For each a ∈ k \ B ⊂ k = A1k(k) we write Xa for the corresponding fiber
that is an abelian variety over k.
Suppose that there exists a non-zero abelian variety W over k¯ such that there
exists a non-zero homomorphism from W to X that is defined over K¯. Then for
any pair of distinct points a1, a2 ∈ k \ B there exists a non-zero homomorphism
between abelian varieties Xa1 and Xa2 that is defined over k¯.
Proof. Recall that one may view closed points ofA1k as Galois orbits in k¯. Replacing
k by k¯, K by k¯(t), X by X ×k(t) k¯(t), B by the union B¯ of all Galois orbits from B
and X → A1k \B by the fiber product X×A1k\BA1k¯ \ B¯ → A1k¯ \ B¯, we may and will
assume that k is algebraically closed, i.e., k = k¯. We may assume that W is simple
and a non-zero homomorphism W → X is an embedding that is defined over K¯.
Notice that both W and X are defined over K. In addition, all torsion points
of ”constant” W are defined over K (in fact, they are defined even over k). Let
L = K(X3) be the field of definition of all points of order 3 on X ; clearly, L
is a finite Galois extension of K = k(t). It follows from results of [27] that all
homomorphisms between W and X are defined over L. In particular, there is a
closed embedding i :W →֒ X that is defined over L.
It follows from Ne´ron-Ogg-Shafarevich criterion [25] that L/k(t) is unramified
outside ∞ and B.
This means that if U is the normalization of A1k \B in L then the natural map
π : U → A1k \B is e´tale; clearly, it is a surjective map between the sets of k-points.
The field k(U) of rational functions on U coincides with L.
Let XU → U be the pullback of X with respect to π; it is an abelian scheme over
U , whose generic fiber coincides with X ×K L. If u ∈ U(k) and
a = π(u) ∈ (A1k \B)(k) = k \B
then the corresponding closed fiber Xu of XU coincides with Xs.
Recall that X contains an abelian L-subvariety isomorphic to W . Let W be the
schematic closure of W in XU [3, p. 55]. It follows from [3, Sect. 7.1, p. 175,
Cor. 6] that W is a Ne´ron model of W over U . On the other hand, since W is
”constant”, its Ne´ron model over U is isomorphic to W × U . This implies that
the group U -schemes W and W × U are isomorphic. Since W × U is a closed
U -subscheme of XU , the corresponding closed fiber Xu of XU contains an abelian
subvariety isomorphic to W for all k-point u ∈ U(k). It follows that Xs contains
an abelian subvariety isomorphic to W for all a ∈ k \B.
Now let a1, a2 be two distinct elements of k \ B. It follows from Poincare´’s
complete reducibility theorem [12, Sect. 18, Th. 1 on p. 173] that there exists a
surjective homomorphism Xa1 ։ W . Now the composition
Xa1 ։W →֒ Xa2
is a non-zero homomorphism between Xa1 and Xa2 . 
4. Complex abelian varieties
Let Z be a complex abelian variety of positive dimension and CZ the center
of the semisimple finite-dimensional Q-algebra End0(Z). We write Ω1(Z) for the
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space of differentials of the first kind on Z; it is a dim(Z)-dimensional C-vector
space.
Let E be a subfield of End0(Z) that contains 1Z . The degree [E : Q] divides
2dim(Z). We write
ι : E ⊂ End0(Z)
for the inclusion map and ΣE for the set of all field embeddings σ : E →֒ C. The
centralizer End0(Z, ι) is a semisimple E-algebra.
It is well-known that
Cσ := E ⊗E,σ C = C, EC = E ⊗Q C =
∏
σ∈ΣE
E ⊗E,σ C =
∏
σ∈ΣE
Cσ.
By functoriality, End0(Z) and therefore E act on Ω1(Z) and therefore provide
Ω1(Z) with a natural structure of E ⊗Q C-module [37, p. 341]. Clearly,
Ω1(Z) =
⊕
σ∈ΣE
CσΩ
1(Z) = ⊕σ∈ΣEΩ1(Z)σ
where Ω1(Z)σ := CσΩ
1(Z) = {x ∈ Ω1(Z) | ex = σ(e)x ∀e ∈ E}. Let us put
nσ = nσ(Z,E) = dimCσΩ
1(Z)σ = dimCΩ
1(Z)σ. Let us put
nσ := dimC(Ω
1(Z)σ) = dimC(Ω
1(Z)σ) (1).
Theorem 4.1. If E/Q is Galois, E ⊃ CZ and CZ 6= E then there exists a nontrivial
automorphism κ : E → E such that nσ = nσκ for all σ ∈ ΣE.
Proof. See [32, Th. 2.3]. 
Theorem 4.2. Suppose that there exist a prime p, a positive integer r, the prime
power q = pr and an integer n ≥ 3 enjoying the following properties:
(i) E = Q(ζq) ⊂ C where ζq ∈ C is a primitive qth root of unity;
(ii) n is not divisible by p, i.e. n and q are relatively prime:
(iii) Let i < q be a positive integer that is not divisible by p and σi : E =
Q(ζq) →֒ C the embedding that sends ζq to ζ−iq . Then nσi =
[
ni
q
]
.
Then
(a) If E ⊃ CZ then CZ = Q(ζq).
(b) If
dimE(End
0(Z, ι)) =
(
2dim(Z)
[E : Q]
)2
then n = 3, p = 2, q = 4.
Proof. If n > 3 then (a) is proven in [37, Cor. 2.2 on p. 342]. So, in order to prove
(a), let us assume that n = 3 and CZ 6= Q(ζq).
Clearly, {σi} is the collection Σ of all embeddings Q(ζq) →֒ C. By (iii), nσi = 0
if and only if 1 ≤ i ≤ [ q3 ]. Suppose that CZ 6= Q(ζq). It follows from Theorem 4.1
that there exists a non-trivial field automorphism κ : Q[ζq] → Q[ζq] such that for
all σ ∈ Σ we have nσ = nσκ. Clearly, there exists an integer m such that p does
not divide m, 1 < m < q and κ(ζq) = ζ
m
q .
If i is an integer then we write i¯ ∈ Z/qZ for its residue modulo q. Clearly,
nσ = 0 if and only if σ = σi with 1 ≤ i ≤ [ q3 ]. Since 3 and q are relatively prime,
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[ q3 ] = [
q−1
3 ]. It follows that nσi = 0 if and only if 1 ≤ i ≤ [ q−13 ]. Clearly, the map
σ 7→ σκ permutes the set
{σi | 1 ≤ i ≤
[
q − 1
3
]
, p does not divide i}.
Since κ(ζq) = ζ
m
q and σiκ(ζq) = ζ
−im
q , it follows that if
A :=
{
i ∈ Z | 1 ≤ i ≤
[
q − 1
3
]
< q, p does not divide i
}
then the multiplication by m in (Z/qZ)∗ = Gal(Q(ζq)/Q) leaves invariant the set
A¯ := {¯i ∈ Z/qZ | i ∈ A}. Clearly, A contains 1 and therefore m¯ = m · 1¯ ∈ A¯. Since
1 < m < q,
m = m · 1 ≤
[
q − 1
3
]
(2).
Since m ≥ 2, we conclude that
q ≥ 7.
Let us consider the arithmetic progression consisting of 2m integers
[
q − 1
3
] + 1, . . . , [
q − 1
3
] + 2m
with difference 1. All its elements lie between [ q−13 ] + 1 and[
q − 1
3
]
+ 2m ≤ 3
[
q − 1
3
]
≤ 3q − 1
3
≤ q − 1.
Clearly, there exist exactly two elements of A say,mc1 andmc1+m that are divisible
by m. Clearly, c1 is a positive integer and either c1 or c1 + 1 is not divisible by p;
we put c = c1 in the former case and c = c1 + 1 in the latter case. However, c is
not divisible by p and[
q − 1
3
]
< mc ≤
[
q − 1
3
]
+ 2m ≤ q − 1 (3).
It follows that mc does not lie in A and therefore mc does not lie in A¯. This implies
that c¯ also does not lie in A¯ and therefore c >
[
q−1
3
]
. Using (3), we conclude that
(m− 1)
[
q − 1
3
]
< 2m
and therefore [
q − 1
3
]
<
2m
m− 1 = 2 +
2
m− 1 .
If m > 2 then m ≥ 3 and using (2), we conclude that
3 ≤ m ≤
[
q − 1
3
]
< 2 +
2
m− 1 < 3
and therefore 3 < 3, which is not true. Hence m = 2. Again using (2), we conclude
that
2 = m ≤
[
q − 1
3
]
< 2 +
2
m− 1 = 4
and therefore
[
q−1
3
]
= 2 or 3. It follows that q = 7 or 11. (Since m = 2 is prime
to q, we have q 6= 8.) We conclude that either A¯ = {1¯, 2¯} or A = {1¯, 2¯, 3¯}. In both
cases 4¯ = 2 · 2¯ = m · 2¯ must lie in A¯. Contradiction. This proves (a).
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Proof of (b). It follows from Theorem 4.2 of [36] that there exist a complex
abelian variety W with 2dim(W ) = ϕ(q) = (p− 1)pr−1, an embedding
ǫ : E = Q(ζq) →֒ End0(W ), ǫ(1) = 1W ,
and an isogeny ψ : Wn−1 → Z that commutes with the action(s) of E. Clearly ψ
induces an isomorphism of E ⊗Q C-modules
ψ∗ : Ω1(Z) ∼= Ω1(Wn−1) = Ω1(W )n−1
where Ω1(W )n−1 is the direct sum of n− 1 copies of the E ⊗Q C-module Ω1(W ).
This implies that if any γ ∈ E is viewed as a C-linear operator in Ω1(Z) then it
has, at most, dim(W ) distinct eigenvalues and the multiplicity of each eigenvalue
is divisible by n− 1. Applying this observation to γ = ζ, we conclude that the set
B :=
{
i ∈ Z | 1 ≤ i < q, (i, p) = 1,
[
ni
q
]
> 0
}
=
{
i ∈ Z | q
n
< i < q = pr, (i, p) = 1
}
has, at most dim(W ) elements. Clearly, dim(W ) = (p− 1)pr−1/2 is an integer; in
particular, q = pr 6= 2.
If p/n < (p− 1)/2 then
#(B) > ϕ(q)− q
n
= (p−1)pr−1−p
r−1p
n
=
(
p− 1− p
n
)
pr−1 >
p− 1
2
pr−1 = dim(W )
and therefore #(B) > dim(W ), which is not the case. Hence
p
n
>
p− 1
2
.
This implies easily that n = 3 and therefore p 6= 3. It follows that p/3 > (p− 1)/2,
i.e. 1/2 > p/6 and therefore 3 ≥ p. This implies that p = 2. Now if r ≥ 3 then
q = 2r ≥ 8 and 2r/6 > 1. Then B contains all 2r−2 odd integers that lie between
2r−1 and 2r. In addition,
2r−1 − 2
r
3
=
2r
6
> 1
and therefore an odd number 2r−1− 1 is greater than 2r/3, i.e., 2r−1− 1 lies in B.
This implies that #(B) > 2r−2 = ϕ(q)/2 = dim(W ), which is not the case. 
Lemma 4.3. Suppose that
p = 2, q = 4, E = Q(ζ4) = Q(
√−1), n = 3.
Assume that if i is an odd positive integer that is strictly less than 4 and σi : E =
Q(ζ4) →֒ C the embedding that sends ζq to ζ−iq then nσi =
[
3i
q
]
.
Then:
(i) Z is isomorphic to a product of two mutually isogenous elliptic curves with
complex multiplication by Q(
√−1).
(ii) Z is isogenous to the square of the elliptic curve y2 = x3 − x.
(iii) End0(Z) ∼= Mat2(Q(
√−1)).
Proof. Clearly,
nσ1 = 0, nσ3 = 2, dim(Z) = dim(Ω
1(Z)) = nσ1 + nσ3 = 2.
This means that E acts on the complex vector space Ω1(Z)) as multiplications by
scalars via
σ3 : E →֒ C.
10 YURI G. ZARHIN
Let us put Ø := E
⋂
End(Z); clearly, it is an order in E. Let Lie(Z) be the tangent
space to Z at the origin; one may view Ω1(Z) as the complex vector space, which
is dual to Lie(Z). In particular, E also acts on Lie(Z) as multiplications by scalars
via σ3. Further, we identify E with its image in C via σ3. Clearly, the natural map
Ø⊗R→ C
is an isomorphism of R-algebras.
The exponential surjective holomorphic map
exp : Lie(Z)։ Z(C)
is a homomorphism of Ø-modules. Recall that he kernel Γ of exp is a discrete lattice
of rank 2dim(Z) = 4 in Lie(Z). Clearly, Γ is Ø-stable and therefore may be viewed
as an Ø-module of rank 2. We have
Z(C) := Lie(Z)/Γ.
Clearly, the natural map
Γ⊗R→ Lie(Z)
is an isomorphism of real vector spaces. Since Ø is the order in the quadratic field,
it follows from a theorem of Z. Borevich - D. Faddeev [1] (see also [22, Satz 2.3])
that the Ø-module Γ splits into a direct sum
Γ = Γ1 ⊕ Γ2
of rank one Ø-modules Γ1 and Γ2. Clearly
Lie(Z) = Γ1 ⊗R⊕ Γ2 ⊗R
and both Γj ⊗R are Ø ⊗R = C-submodules in Lie(Z) (j = 1, 2). It follows that
the complex torus Z(C) := Lie(Z)/Γ is isomorphic to a product (Γ1 ⊗ R)/Γ1 ×
(Γ2 ⊗R)/Γ2 of one-dimensional complex tori (Γ1 ⊗R)/Γ1 and (Γ2 ⊗R)/Γ2 with
complex multiplication by Ø. One has only to recall that every one-dimensional
complex torus is an elliptic curve and two CM-elliptic curves with multiplication
by the same imaginary quadratic field are isogenous.

5. Superelliptic jacobians
Throughout this Section p is a prime, r a positive integer and q = pr. We write
Pq(t) for the polynomial 1 + t+ · · ·+ tq−1 ∈ Z[t] and Φq(t) for the qth cyclotomic
polynomial Φq(t) =
∑p−1
i=0 t
ipr−1 ∈ Z[t] of degree ϕ(q) = q − pr−1. Notice that
tqΦq(1/t)− Φq(t) = tq − 1 (4).
Let K be a field of characteristic 0 and f(x) ∈ K[x] be a separable polynomial
of degree n ≥ 3. We write Rf for the set of its roots and denote by K(Rf) ⊂ K¯ the
corresponding splitting field. As usual, the Galois group Gal(K(Rf)/K) is called
the Galois group of f and denoted by Gal(f). Clearly, Gal(f) permutes elements
of Rf and the natural map of Gal(f) into the group Perm(Rf ) of all permutations
of Rf is an embedding. We will identify Gal(f) with its image and consider it as a
permutation group of Rf . Clearly, Gal(f) is transitive if and only if f is irreducible
in K[x]. Further, we assume that p does not divide n and K contains a primitive
qth root of unity ζ.
We write (as in [31, §3]) Vf,p for the (n − 1)-dimensional Fp-vector space of
functions {φ : Rf → Fp,
∑
α∈Rf φ(α) = 0} provided with a natural faithful action
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of the permutation group Gal(f) ⊂ Perm(Rf ). It is the heart over the field Fp of
the group Gal(f) acting on the set Rf [11, 31].
Remark 5.1. It is well-known [9] (see also [31, 38]) that if Gal(f) acts doubly
transitively on Rf then the centralizer
EndGal(f)(Vf,p) = Fp.
The surjection Gal(K)։ Gal(f) provides Vf,p with the natural structure of Gal(K)-
module. Clearly, if Gal(f) acts doubly transitively on Rf then the centralizer
EndGal(K)(Vf,p) = Fp.
Let C = Cf,q be the smooth projective model of the smooth affine K-curve
yq = f(x). So C is a smooth projective curve defined over K. and the rational
function x ∈ K(C) defines a finite cover π : C → P1 of degree q. Let B′ ⊂ C(K¯)
be the set of ramification points. Clearly, the restriction of π to B′ is an injective
map B′ →֒ P1(K¯), whose image is the disjoint union of ∞ and Rf . We write
B = π−1(Rf ) = {(α, 0) | α ∈ Rf} ⊂ B′ ⊂ C(K¯).
Clearly, π is ramified at each point of B with ramification index q. The set B′ is the
disjoint union of B and a single point ∞′ := π−1(∞). In addition, the ramification
index of π at π−1(∞) is also q. By Hurwitz’s formula, the genus g = g(C) = g(Cf,q)
of C is (q − 1)(n− 1)/2.
Lemma 5.2. Let us consider the plane triangle (Newton polygon)
∆n,q := {(j, i) | 0 ≤ j, 0 ≤ i, qj + ni ≤ nq}
with the vertices (0, 0), (0, q) and (n, 0). Let Ln,q be the set of integer points in the
interior of ∆n,q. Then:
(i) If (j, i) ∈ Ln,q then
1 ≤ j ≤ n− 1; 1 ≤ i ≤ q − 1; q(j − 1) + (q + 1) ≤ n(q − i).
(ii) The genus g = (q − 1)(n − 1)/2 coincides with the number of elements of
Ln,q.
(iii)
ωj,i := x
j−1dx/yq−i = xj−1yidx/yq = xj−1yi−1dx/yq−1
is a differential of the first kind on C for each (j, i) ∈ Ln,q.
Proof. (i) is obvious. In order to prove (ii), notice that (q− 1)(n− 1) is the number
of interior integer points in the rectangular
Πn,q := {(j, i) | 0 ≤ j ≤ n, 0 ≤ i ≤ q},
whose diagonal that connects (0, 0) and (n, q) does not contain interior integer
points, because n and q are relatively prime. In order to get the half of q−1)(n−1),
one should notice that the map (j, i) 7→ (n− j, q− i) establishes a bijection between
Ln,q and the set of interior integer points of Πn,q outside Ln,q. Let us prove (iii).
Clearly, ωj,i has no poles outside B′. For each α ∈ Rf the orders of zero of
dx = d(x−α) and y at π−1(α, 0) are q− 1 and 1 respectively. Since (q− 1)− i ≥ 0,
the differential ωj,i has no pole at π
−1(α, 0). The orders of pole of x, dx, y at ∞
are q, q + 1, n respectively. Since n(q − i) ≥ q(j − 1) + (q + 1), the differential ωj,i
has no pole at ∞. This implies easily that the collection {ωj,i}(j,i)∈Ln,q is a basis
in the space of differentials of the first kind on C. 
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There is a non-trivial birational K¯-automorphism of C
δq : (x, y) 7→ (x, ζy).
Clearly, δqq is the identity map and the set of fixed points of δq coincides with B′. Let
us consider C(f, q) as curve over K¯ and let Ω
1(C(f,q)) be the (g(Cf,q)-dimensional)
space of differentials of the first kind on C. By functoriality, δq induces on Ω
1(C(f,q))
a certain K¯-linear automorphism δ∗q : Ω
1(C(f,q))→ Ω1(C(f,q)).
Lemma 5.3. (i) The collection {ωj,i = xj−1dx/yq−i | (i, j) ∈ Ln,q} is an
eigenbasis of Ω1(C(f,q)) with respect to δ
∗
q ; an eigenvector ωj,i = x
j−1dx/yq−i
corresponds to eigenvalue ζi.
(ii) If a positive integer i satisfies i < q then ζ−i is an eigenvalue of of δ∗q if
and only if
[
ni
q
]
> 0. If this is the case then the multiplicity of eigenvalue
ζ−i is
[
ni
q
]
.
(iii) 1 is not an eigenvalue of δ∗q .
(iv) Pq(δ∗q ) = δ∗q q−1 + · · ·+ δ∗q + 1 = 0 in EndK¯(Ω1(Cf,q))).
(v) If q = pr then ζ−i is an eigenvalue of δ∗q for each integer i with p
r−pr−1 ≤
i ≤ pr − 1 = q − 1.
(vi) If H(t) is a polynomial with rational coefficients such that H(δ∗q ) = 0 in
EndK¯(Ω
1(Cf,q)) then H(t) is divisible by Pq(t) in Q[t].
Proof. The assertion (i) follows easily from Lemma 5.2. This implies (iii), which,
in turn, implies (iv). The assertion (i) implies that if 1 ≤ i < q then ζ−i is an
eigenvalue of δ∗q if and only if the corresponding (to q − i) horizontal line contains
an interior integer point; if this is the case then the multiplicity coincides with the
number of interior points on this line. Clearly, this number of points is
[
ni
q
]
. In
order to prove (v), recall that n ≥ 3. This implies that
ni ≥ 3(pr − pr−1) = 3p− 1
p
q ≥ 3
2
q > q
and therefore
[
ni
q
]
≥ 1 > 0, which proves (v), in light of (ii). In order to prove (vi),
it suffices to notice that, thanks to (v), we know that among the eigenvalues of δ∗q
there is a primitive qth root of unity. 
Remark 5.4. In order to describe C explicitly, we use a construction from [28, pp.
3358-3359] (see also [13, Ch. 3a, Sect.1]). Let us put f˜(x) = xnf(1/x) ∈ K[x] and
pick positive integers a, b with bn− aq = 1. (Such a, b do exist, since n and q are
relatively prime.) Let us consider the birational transformation
x =
1
sbtq
, y =
1
sa
tn; s = x−nyq = x−nf(x), t = xay−b.
If f0 6= 0 is the leading coefficient of f(x) then
W1 : y
q = f(x) = f0
∏
α∈R
(x− α)
becomes
W2 : s = f˜(s
btq) = f0
∏
α∈R
(1− αsbtq)).
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There are no points with s = 0 (and therefore for every α ∈ Rf there are no points
with αsbtq = 1). When s 6= 0, t 6= 0, we are on the original affine piece W1 of
the curve given in terms of x and y. (When t = 0 we get the point ∞′ = (f0, 0).)
The automorphism δq sends (s, t) to (s, ζ
−bt). If we glue together the affine curves
W1 and W2, identifying {x 6= 0, y 6= 0} and {s 6= 0, t 6= 0} via the birational
transformation above, then we get a smooth K-curve C′. The finite maps of affine
K-curves
x : W1 → A1, sbtq :W2 → A1 \ {α−1 | α ∈ Rf , α 6= 0}
are gluing together to a finite map C′ → P1, since P1 coincides with the union of
the images of the open embeddings
A1 →֒ P1, t 7→ (t : 1), A1 \ {α−1 | α ∈ Rf , α 6= 0} →֒ P1, t 7→ (1 : t).
It follows that C′ is proper over K and therefore is projective (see also [7, Ch. III,
Ex. 5.7]). This implies that C′ is biregularly isomorphic to C over K.
Let J(Cf,q) = J(C) be the jacobian of C. It is a g-dimensional abelian variety
defined over K and one may view (via Albanese functoriality) δq as an element of
Aut(C) ⊂ Aut(J(C)) ⊂ End(J(C)) such that δq 6= Id but δqq = Id where Id is
the identity endomorphism of J(C). We write Z[δq] for the subring of End(J(C))
generated by δq.
Remarks 5.5. (i) The point ∞′ ∈ Cf,p(K) is one of δq-invariant points. The
map
τ : Cf,q → J(Cf,q), P 7→ cl((P )− (∞′))
is an embedding of smooth projective algebraic varieties and it is well-
known [26, Sect. 2.9] that the induced map τ∗ : Ω1(J(Cf,q)) → Ω1(Cf,q)
is an isomorphism obviously commuting with the actions of δq. (Here cl
stands for the linear equivalence class.) This implies that nσi coincides with
the dimension of the eigenspace of Ω1(C(f,q)) attached to the eigenvalue ζ
−i
of δ∗q . Applying Lemma 5.3, we conclude that if H(t) is a monic polynomial
with integer coefficients such that H(δq) = 0 in End(J(Cf,q)) then H(t) is
divisible by Pq(t) in Q[t] and therefore in Z[t].
(ii) The automorphism δq : Cf,p → Cf,p induces, by Picard functoriality,
the automorphism δq
′ : J(Cf,q) → J(Cf,q) that sends cl((P ) − (∞′)) to
cl(δ∗q ((P )− (∞′))) = cl((δq−1(P )− (∞′)). This implies that
δq
′ = δq−1 ∈ Aut(J(Cf,q)) ⊂ End(J(Cf,q)).
Remark 5.6. Clearly, the set S of eigenvalues λ of δ∗q : Ω
1(J(Cf,q))→ Ω1(J(Cf,q))
with Pq/p(λ) 6= 0 consists of primitive qth roots of unity ζ−i (1 ≤ i < q, (i, p) = 1)
with
[
ni
q
]
> 0 and the multiplicity of ζ−i equals
[
ni
q
]
, thanks to Remarks 5.5 and
Lemma 5.3. Let us consider the sum
M =
∑
1≤i<q,(i,p)=1
[
ni
q
]
of multiplicities of eigenvalues from S. Then
M = (n− 1)ϕ(q)
2
=
(n− 1)(p− 1)pr−1
2
.
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See [37, Remark 4.6 on p. 353] for the proof in which one has only to replace
references to [37, Remarks 4.5 and 4.4] by references to Remark 5.5(i) and Lemma
5.3 respectively.
Clearly, if the abelian (sub)variety Z := Pq/p(δq)(J(Cf,q)) has dimension M
then the data Y = J(Cf,q), δ = δq, P = Pq/p(t) satisfy the conditions of Theorem
3.10 of [37].
Lemma 5.7. Let D =
∑
P∈B aP (P ) be a divisor on C = Cf,p with degree 0 and
support in B. Then D is principal if and only if all the coefficients aP are divisible
by q.
Proof. See [37, Lemma 4.7 on p. 354]. 
Lemma 5.8. 1 + δq + · · · + δq−1q = 0 in End(J(Cf,q)). The subring Z[δq] ⊂
End(J(Cf,q)) is isomorphic to the ring Z[t]/Pq(t)Z[t]. The Q-subalgebra Q[δq] ⊂
End0(J(Cf,q)) = End
0(J(Cf,q)) is isomorphic to Q[t]/Pq(t)Q[t] =
∏r
i=1Q(ζpi).
Proof. If q = p is a prime this assertion is proven in [17, p. 149], [21, p. 458].
(If n > 3 then the assertion is proven in [37].) So, further we may assume that
q > p. The group J(Cf,q))(K¯) is generated by divisor classes of the form (P )− (∞)
where P is a finite point on Cf,p. The divisor of the rational function x − x(P ) is
(δq−1q P ) + · · ·+ (δqP ) + (P )− q(∞). This implies that Pq(δq) = 0 ∈ End(J(Cf,q)).
Applying Remark 5.5(ii), we conclude that Pq(t) is the minimal polynomial of δq
in End(J(Cf,q)). 
Let us define the abelian (sub)variety
J (f,q) := Pq/p(δq)(J(Cf,q)) ⊂ J(Cf,q).
Clearly, J (f,q) is a δq-invariant abelian subvariety defined over K. In addition,
Φq(δq)(J
(f,q)) = 0.
Remark 5.9. If q = p then Pq/p(t) = P1(t) = 1 and therefore J (f,p) = J(Cf,p).
Remark 5.10. Since the polynomials Φq and Pq/p are relatively prime, the homo-
morphism Pq/p(δq) : J (f,q) → J (f,q) has finite kernel and therefore is an isogeny. In
particular, it is surjective.
Lemma 5.11. dim(J (f,q)) = (p
r−pr−1)(n−1)
2 and there is an K-isogeny J(Cf,q)→
J(Cf,q/p)× J (f,q). In addition, the Galois modules Vf,p and
(J (f,q))δq := {z ∈ J (f,q)(K¯) | δq(z) = z}
are isomorphic.
Proof. Let us consider the curve Cf,q/p : y
q/p
1 = f(x1) and a regular surjective
map π1 : Cf,q → Cf,q/p, x1 = x, y1 = yp. Clearly, π1δq = δq/pπ1. By Albanese
functoriality, π1 induces a certain surjective homomorphism of jacobians J(Cf,q)։
J(Cf,q/p) which we continue to denote by π1. Clearly, the equality π1δq = δq/pπ1
remains true in Hom(J(Cf,q), J(Cf,q/p)). By Lemma 5.8,
Pq/p(δq/p) = 0 ∈ End(J(Cf,q/p)).
It follows from Lemma 5.10 that π1(J
(f,q)) = 0 and therefore dim(J (f,q)) does not
exceed
dim(J(Cf,q))− dim(J(Cf,q/p)) =
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(pr − 1)(n− 1)
2
− (p
r−1 − 1)(n− 1)
2
=
(pr − pr−1)(n− 1)
2
.
By definition of J (f,q), for each divisor D =
∑
P∈B aP (P ) the linear equivalence
class of $pr−1D =
∑
P∈B p
r−1aP (P ) lies in (J (f,q))δq ⊂ J (f,q)(K¯) ⊂ J(Cf,q)(K¯).
It follows from Lemma 5.7 that the class of pr−1D is zero if and only if all pr−1aP
are divisible by q = pr, i.e. all aP are divisible by p. This implies that the set of
linear equivalence classes of pr−1D is a Galois submodule isomorphic to Vf,p. We
want to prove that (J (f,q))δq = Vf,p.
Recall that J (f,q) is δq-invariant and the restriction of δq to J
(f,q) satisfies the
qth cyclotomic polynomial. This allows us to define the homomorphism Z[ζq ] →
End(J (f,q)) that sends 1 to the identity map and ζq to δq. Let us put
E = Q(ζq),Ø = Z[ζq ] ⊂ Q(ζq) = E.
It is well-known that Ø is the ring of integers in E, the ideal λ = (1 − ζq)Z[ζq] =
(1 − ζq)Ø is maximal in Ø with Ø/λ = Fp and Ø ⊗ Zp = Zp[ζq] is the ring of
integers in the field Qp(ζq). Notice also that Ø⊗Zp coincides with the completion
Øλ of Ø with respect to the λ-adic topology and Øλ/λØλ = Ø/λ = Fp.
It follows from Lemma 3.3 of [37] that
d =
2dim(J (f,q))
[E : Q]
=
2dim(J (f,q))
pr − pr−1
is a positive integer, the Zp-Tate module Tp(J
(f,q)) is a free Øλ-module of rank d.
(See also [18, Prop. 2.2.1 on p, 769].) Using the displayed formula (5) on p. 347 in
[37, §3], we conclude that
(J (f,q))δq = {u ∈ J (f,q)(K¯) | (1− δq)(u) = 0} = Jf,qλ = Tp(Jf,q)⊗Øλ Fp
is a d-dimensional Fp-vector space. Since (J
(f,q))δq contains (n − 1)-dimensional
Fp-vector space Vf,p, we have d ≥ n− 1. This implies that
2dim(J (f,q)) = d(pr − pr−1) ≥ (n− 1)(pr − pr−1)
and therefore
dim(J (f,q)) ≥ (n− 1)(p
r − pr−1)
2
.
But we have already seen that
dim(J (f,q)) ≤ (n− 1)(p
r − pr−1)
2
.
This implies that
dim(J (f,q)) =
(n− 1)(pr − pr−1)
2
.
It follows that d = n − 1 and therefore (J (f,q))δq = Vf,p. Dimension arguments
imply that J (f,q) coincides with the identity component of ker(π1) and therefore
there is a K-isogeny between J(Cf,q) and J(Cf,q/p)× J (f,q). 
Corollary 5.12. There is a K-isogeny
J(Cf,q)→ J(Cf,p)×
r∏
i=2
J (f,p
i) =
r∏
i=1
J (f,p
i).
Proof. Combine Corollary 5.11(ii) and Remark 5.9 with easy induction on r. 
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Theorem 5.13. Suppose that n ≥ 3 is an integer. Let p be a prime, r ≥ 1 an
integer and q = pr. Let f(x) ∈ K[x] be a polynomial of degree n without multiple
roots. Then the image Ø of Z[δq] → End(J (f,q)) is isomorphic to Z[ζq] and the
Galois module (J (f,q))δq = J
(f,q)
λ is isomorphic to Vf,p. If Gal(f) acts doubly
transitively on Rf then the centralizer
EndGal(K)(J
(f,q)
λ ) = Fp.
Proof. Clearly, Ø is isomorphic to Z[ζq ]. Let us put λ = (1− ζq)Z[ζq]. By Lemma
5.11(iii), the Galois module (J (f,q))δq = J
(f,q)
λ is isomorphic to Vf,p. The last
assertion follows from Remark 5.1. 
Remark 5.14. It follows from Theorem 5.13 that there is an embedding
Z[ζq ] →֒ EndK(J (f,q)) ⊂ End(J (f,q)), ζq 7→ δq : J (f,q) → J (f,q),
which sends 1 to the identity automorphism of J (f,q). This embedding extends by
Q-linearity to the embedding
Q(ζq) →֒ End0(J (f,q)).
On the other hand, let us consider the induced linear operator
δ∗q : Ω
1(J (f,q))→ Ω1(J (f,q)).
It follows from Theorem 3.10 of [37] combined with Remark 5.6 that its spectrum
consists of primitive qth roots of unity ζ−i (1 ≤ i < q, the prime p does not divide
i) with [ni/q] > 0 and the multiplicity of ζ−i equals [ni/q]. It follows that if
σi : E = Q(ζq) →֒ C is the field embedding that sends ζq to ζ−i and
Ω1(J (f,q))σi = {x ∈ Ω1(J (f,q)) | ex = σi(e)x ∀e ∈ E}
then
dimK¯(Ω
1(J (f,q))σi ) =
[
ni
q
]
.
Lemma 5.15. The abelian subvariety J ((f, q)) ⊂ J(Cf,q) coincides with the iden-
tity component of the kernel of
Φq(δq) : J(Cf,q)→ J(Cf,q).
Proof. We know that J (f,q) ⊂ ker(Φq(δq)) := W . Let π1 : J(Cf,q) → J(Cf,q/p) be
as in the proof of Lemma 5.11. Clearly, J (f,q) is the identity component of ker(π1)
and the image π1(W ) ⊂ J(Cf,q/p) is killed by both Φq(δq) and Pq/p(δq). Since the
polynomials Φq and Pq/p are relatively prime, π1(W ) is killed by a non-zero integer
(that is their resultant) and therefore is finite. It follows that W/J (f,q) is also finite
and therefore J (f,q) is the identity component of W = ker(Φq(δq)). 
Remark 5.16. Recall (Remark 5.5) that δ′q = δ
−1
q and δ
q
q is the identity automor-
phism of J(Cf,q). It follows from the displayed formula (4) at the beginning of this
Section that Φq(δq) = Φq(δ
′
q) in End(J(Cf,q)). Applying Lemma 5.15, we conclude
that J (f,q) is the identity component of ker(Φq(δ
′
q)).
Theorem 5.17. Suppose that n = 3, q = 4. Then:
(i) J (f,4) is isomorphic to a product of two mutually isogenous elliptic curves
with complex multiplication by Q(
√−1).
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(ii) J (f,4) is isogenous to the square of the elliptic curve y2 = x3 − x.
(iii) End0(J (f,4)) ∼= Mat2(Q(
√−1)).
Proof. The assertion follows readily from Lemma 4.3 combined with Remark 5.14.

Theorem 5.18. Suppose that k is an algebraically closed field of characteristic
zero, K = k(t) and (n, q) 6= (3, 4). Suppose that Gal(f) acts doubly transitively on
Rf .
Then:
(i) J (f,q) is completely non-isotrivial.
(ii) If n = 3 or 4 then End(J (f,q)) = Z[ζq ]. In particular, J
(f,q) is absolutely
simple and End0(J (f,q)) = Q(ζq).
Proof. Let us fix a primitive qth root of unity ζ ∈ k and consider the subfield kf ⊂ k
that is obtained by adjoining to Q all coefficients of f(x) and ζ. We have
f(x) ⊂ kf (t)[x] ⊂ k(t)[x] = K[x], kf (t)(Rf ) ⊂ K(Rf) ⊂ K¯.
Let k0 be the algebraic closure of kf in kf (t)(Rf ). Since a subfield of a finitely
generated overfield is also finitely generated [20, Th. 4.3.6], k0 is finitely generated
over kf and therefore is a finite algebraic extension of kf (see [2, Chap. V, Sect. 14,
no. 7, Cor. 1]). Clearly, k0(t)(Rf ) = kf (t)(Rf ); in particular, k0 is algebraically
closed in k0(t)(Rf ). Since k0 lies in K¯ = k(t) and is algebraic over kf ⊂ k, we have
k0 ⊂ k. We have
Q ⊂ kf ⊂ k0 ⊂ k, f(x) ∈ kf (t)[x] ⊂ k0(t)[x] ⊂ k(t)[x];
in addition, k0(t)(Rf ) is the splitting field of f(x) over k0(t). Clearly, k0 is finitely
generated over Q and contains ζ.
Let k¯0 be the algebraic closure of k0 in k. Since k is algebraically closed, k¯0 is
also algebraically closed and therefore k¯0(t) is algebraically closed in k(t). Since the
field extension k¯0(t)(Rf )/k¯0(t) is algebraic, k¯0(t)(Rf ) and k(t) are linearly disjoint
over k¯0(t). It follows that f(x) has the same Galois group Gal(f) over k(t) and
k¯0(t).
Since k0 is algebraically closed in k0(t)(Rf ), the fields k0(t)(Rf ) and k¯0 are
linearly disjoint over k0. This implies that f(x) has the same Galois group over
k0(t) and k¯0(t). It follows that the Galois group of f(x) over k0(t) coincides with
Gal(f); in particular, it acts doubly transitively on Rf .
Since k0 is finitely generated over Q, it is a hilbertian field [23, pp. 129–130].
Let us put K0 = k0(t). An elementary substitution allows us to assume that
f(x) =: F (t, x) ∈ k0[t][x] = k0[t, x]. (Indeed, if f(x) = G(x, t)/h(t) with G(x, t) ∈
k0[t, x], h(t) ∈ k0[t] then Cf,q is K0-birationally isomorphic to the superelliptic
curve wq = h(t)q−1G(x, t) where w = h(t) · y.)
Using Remark 5.4, one may easily check that there exists a finite set B of closed
points of the affine k0-line A
1
k0
and a smooth proper A1k0 \B-curve c : C → A1k0 \B
that enjoy the following properties:
• For all a ∈ k \B the polynomial fa(x) := F (a, x) has no multiple roots;
• The “affine part” of c : C → A1k0 \B is defined by equation yq = F (x, t);
• The generic fiber of c coincides with Cf,q and for all a ∈ k \ B the corre-
sponding closed fiber is Cfa,q. In addition, the infinite points ∞′ give rise
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to a section
∞
′ : A1k0 \B → C.
• The map (x, y) 7→ (x, ζy) gives rise to a periodic automorphism δq : C → C
of the A1k0 \ B-scheme that coincides with δq on the generic fiber and all
closed fibers of c;
• δq acts as the identity map on the image of ∞′.
Taking the (relative) jacobian of c : C → A1k0 \ B [3, Ch. 9], we get an abelian
scheme J → A1k0 \ B, whose generic fiber coincides with J(Cf,q) and for each
a ∈ k0 \B the corresponding closed fiber is J(Cfa,q).
Since k0 is hilbertian and algebraically closed in k0(t)(Rf ), there exist two dis-
tinct a, d ∈ k0 \ B such that both Gal(fa) and Gal(fd) coincide with Gal(f) and
the splitting fields of fa and fd are linearly disjoint over k0 [23, Sect. 10.1]. In
particular, both Gal(fa) and Gal(fd) are doubly transitive. It follows from Remark
5.1 that the Gal(k0)-modules Vfa and Vfd satisfy
EndGal(k0)(Vfa ) = Fp, EndGal(k0)(Vfd) = Fp (5).
First, assume that q = p. It follows from Corollary 3.6 in [38] applied to X =
J(Cfa,p), Y = J(Cfd,p), E = Q(ζp), λ = (1 − ζp) that either there are no non-zero
k¯0-homomorphisms between J(Cfa,p) and J(Cfd,p) or the centralizer of Q(ζp) in
End0(J(Cfa,p)) has Q(ζp)-dimension(
2dim(J(Cfa,p))
[Q(ζp) : Q]
)2
= (n− 1)2.
Combining Theorem 4.2(b) with Lemma 5.3, we conclude that all k¯0-homomorphisms
between J(Cfa,p) and J(Cfd,p) are zero. Since k¯0 is algebraically closed, all k-
homomorphisms between J(Cfa,p) and J(Cfd,p) are also zero.
It follows from Lemma 3.4 applied to X = J(Cf,p) = J
(f,p) and X = J ×k0 k
that J(Cf,p) is completely non-isotrivial. This proves (i) when q = p.
Suppose that n = 3 or 4. Since every abelian variety of CM-type is defined
over Q¯ [14], Theorem 3.1 combined with the complete non-isotriviality of J (f,p)
imply that Q(ζp) coincides with its own centralizer in End
0(J(Cf,p)). Then Q(ζp)
contains the center of End0(J(Cf,p)). It follows from Theorem 4.2(a) that Q(ζp) is
the center of End0(J(Cf,p)). Then the centralizer of Q(ζp) coincides with the whole
End0(J(Cf,p)) and therefore Q(ζp) = End
0(J(Cf,p)). Since Z(ζp] ⊂ End(J(Cf,p))
is the maximal order in Q(ζp), we conclude that Z[ζp] = End(J(Cf,p)). This proves
(ii) when q = p.
Now, in order to do the case of arbitrary q, we need to construct an abelian
scheme overA1k0 \B, whose generic fiber coincides with J (f,q) and for each a ∈ k0\B
the corresponding closed fiber is J (fa,q). First, since J (f,q) is an abelian subvariety
of J(Cf,q), it also has good reduction everywhere at A
1 \ B [3, Lemma 2 on p.
182]. Let J (f,q) be the schematic closure of J (f,q) in J [3, p. 55]. It follows from
[3, Sect. 7.1, p. 175, Cor. 6] that J (f,q) is a Ne´ron model of J (f,q) over A1k0 \B.
The automorphism δq : C → C induces, by Picard functoriality the automor-
phism of the abelian scheme J and we denote it by δ′q : J → J . Let H ⊂ J be
the kernel of Φq(δ
′
q); it is a closed group subscheme of J that is not necessarily
an abelian subscheme. We write HK for the generic fiber of H; it is a closed (not
necessarily connected) algebraic K-subgroup of J(Cf,q).
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By Remark 5.16, J (f,q) ⊂ ker(Φq(δ′q)). This implies that J (f,q) ⊂ HK and
therefore J (f,q) ⊂ H. For all a ∈ k0 \ B, the closed fiber Ha of H coincides
with ker(Φq(δ
′
q)) ⊂ J(Cfa,q); this implies that Ha ⊂ J(Cfa,q) is a closed algebraic
subgroup, whose identity component coincides with J (fa,q). On the other hand, the
closed fiber J (f,q)a of J (f,q) at a is an abelian subvariety in Ha and has the same
dimension as J (f,q), i.e., the same dimension as J (fa,q). It follows that J (f,q)a =
J (fa,q), i.e., J (fa,q) coincides with the reduction of J (f,q) at a.
Now one may carry out the same arguments as in the case of q = p. Namely,
pick two distinct a, d ∈ k0 \ B such that both Gal(fa) and Gal(fd) coincide with
Gal(f) and the splitting fields of fa and fd are linearly disjoint over k0. Using
the displayed formula (5) and applying Corollary 3.6 of [38] to X = J (fa,q), Y =
J (fd,q), E = Q(ζq), λ = (1 − ζq), we conclude that either there are no non-zero k¯0-
homomorphisms between J (fa,q) and J (fd,q) or the centralizer ofQ(ζq) in End
0(J (fa,q))
has Q(ζq)-dimension (
2dim(J (fa,q))
[Q(ζq) : Q]
)2
= (n− 1)2.
Combining Theorem 4.2(b) with Remark 5.14, we conclude that there are no
non-zero k¯0-homomorphisms between J
(fa,q) and J (fd,q). Again this implies that
there are no non-zero k-homomorphisms between J (fa,q) and J (fd,q). It follows from
Lemma 3.4 applied to X = J (f,q) and X = J (f,q) ×k0 k that J (f,q) is completely
non-isotrivial. This proves (i) for arbitrary q.
Suppose that n = 3 or 4. As above, Theorem 3.1 combined with the complete
non-isotriviality of J (f,q) imply that Q(ζq) coincides with its own centralizer in
End0(J (f,q)). Then Q(ζq) contains the center of End
0(J (f,q)). It follows from
Theorem 4.2(a) that Q(ζq) is the center of End
0(J (f,q)). Then the centralizer of
Q(ζq) coincides with the whole End
0(J (f,q)) and therefore Q(ζq) = End
0(J (f,q)).
Since Z[ζq ] ⊂ End(J (f,q)) is the maximal order in Q(ζq), we conclude that Z(ζq ] =
End(J (f,q)). This proves (ii) for arbitrary q. 
Proof of main results. Theorems 1.2 and 1.5 follow easily from Theorem 5.18 com-
bined with Corollary 5.12. Theorem 1.3 follows easily from Theorem 5.18 combined
with Corollary 5.12 and Remark 3.3. 
Proof of Theorem 1.4. It follows from Theorem 5.18 applied to (n, q) = (3, 2)
that the elliptic curve Cf,2 = J(Cf,2) has transcendental j-invariant and therefore
End0(J(Cf,2)) = Q. (Alternatively, one may use Lemma 2.4 instead of Theorem
5.18.) Combining this with Lemma 5.11 and Theorem 5.17, we obtain the first
assertion of Theorem 1.4. The second assertion follows from the first one combined
with Theorem 5.18, Lemma 5.11 and Remark 3.3.
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